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Abstract 
This paper aims to present different methods of volumetric verification in long range machine toll with lineal and rotary axes 
using a commercial laser tracker as measurement system. This method allows characterizing machine tool geometric errors 
depending on the kinematic of the machine and the work space available during the measurement time. The kinematic of the 
machine toll is affected by their geometric errors, which are different depending on the number and type of movement axes. 
Obtaining the transformation matrix that defined the kinematic of the machine tool, the measurement system, the rotation 
nominal matrix of the rotational axis, the relation between laser tracker and machine tool coordinates is obtained. The 
verification procedure and the characterization technique to use are determined by the available space during the measurement. 
The best combination of parameters, techniques and methods were obtained through the realization of a large number of 
synthetic tests based on not linear optimization techniques. 
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of Universidad de Zaragoza, Dpto Ing Diseño y Fabricacion. 
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1. Introduction 
The incorporation of rotary axes in machines of three, five or more axis, multi axis machine, increases the 
flexibility of these ones in relation with machines with only linear axis. In the same way, multi-axis machines 
allow the machining of complex parts. 
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The different verification techniques used in order to improve the accuracy of the machine are divided into 
direct measurement techniques, (Chen et al, 1999), and indirect measurement techniques of errors, (Pahk et al, 
1997). Verification by direct measurement of errors is based on the calculated independently to each one 
geometrical error of the machine tool. Meanwhile, verification through indirect measurement of errors is based on 
a measurement of the overall effect of all of them in the work space of the machine, volumetric error (ve). The 
gradual incorporation of long range measurement systems in industry has provided that verification through 
interferometry by tracking] as the verification technique more widely used as present Aguado et al (2012-2013) . 
Tracking interferometry has distinguished itself from other techniques, reducing the amount of time and operator 
training needed for verification. Mainly it provides a decrease in the time of preparation of data capture and 
subsequent treatment. 
This paper presents a high precision volumetric model based on a laser tracker (LT), whereby error 
compensation is performed in a long range MT with two linear axes and a rotation axis. The paper thus presents a 
study of: the adequacy of different nonlinear optimization methods, the regression functions to be used depending 
on the type of axis and the usable space available. 
2. Volumetric verification methodology 
Machine tool geometric error analysis depends on the type and configuration of the machine, (Aguado et al, 
2012-2013), as well as the purpose of verification. Volumetric verification (Fig. 1) consists of minimising the 
difference between real points and theoretical points introduced for numerical control (NC) through the kinematic 
model of the machine. The differences between theoretical and real points represent the influence of combined 
machine errors for each point. From this, the mean square volumetric error is obtained (ve). 
)( (1)
(2)
Where  represents the measured point coordinates of the machine tool , measured using a laser tracker, and 
 the machine tool point coordinates  obtained from the kinematic model of the machine (Fig 1). The 
measurement of a point is influenced by the type of machine, installation and environmental conditions in which 
is carried out the measurement and the measurement system used. The major contribution of all influences that 
affected on measurement uncertainty is realised by measurement noise. It is determined mainly by limiting 
resolution of LTs encoder and positioning between LT and machine tool (MT) work space. 
 
 
 
 
 
 
 
 
 
 
Fig 1. Basic parameters of volumetric verification 
3. Kinematic model 
   The MT kinematic model, (Aguado et al 2012-2013 and Brecher et al 2006), is used to understand and 
mathematically describe the motion of the machine. The sequence of movements that describes the kinematic 
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model is determined by the type of machine, the geometrical structure and the number of axes of the same. The 
position of a tool tip relative to a measurement system in cartesian coordinates (LT) is determined by the 
following: the programmed nominal position, the position of the tip of the tool with respect to the reference 
machine ( ) and the geometric errors of the axes. 
   The geometric configuration of the machine, figure 2, from which this work has been realised, corresponds to a 
grinder XCFZ. F, determines the fixed part of the machine. The letters to the right of F represent the axes that 
move with the tool, and letters to the left of F represent the axes that move with the piece. 
Fig 2. Machine tool to study XCFZ  
To obtain the modelling kinematic behaviour, it is necessary to use 6 auxiliary coordinate systems (figure 2).  
 1 global coordinate system (CS) CS0. 
 3 coordinate systems CS1, CS2, CS3 associated with the axes of movement of the machine x, c, z 
respectively. 
 1 coordinate system associated with the tool CSR. 
 1 laser tracker coordinate system CSLT.  
   The machine configuration XCFZ determines the placement of the LT on the rotary table associated with the 
movement of rotation axis around the z-axis. Meanwhile the reflector will occupy the position reserved for the 
tool, figure 3. 
Fig 3.Kinematic scheme of the machine tool to study 
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 represents the milling tool offset.
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(4)
)(  represents the rotation error matrix on the k axis of the machine tool.
1
1
1
)( with ,, (5)
)( represents the rotational matrix around 
100
0)()(
0)()(
)( (6)
 represents the linear error vector in the x-axis of the machine.
(7)
 
 represents the linear error vector in the c-axis of the machine.
(8)
 represents the linear error vector in the z-axis of the machine. 
(9)
 
 
translation vector between LT coordinate system LT (CSLT) and MT coordinate system (CSMT)
(10)
EAK: roll axis  
EBK: yaw axis  
ECK: pitch axis  
EXX: linear positioning errors for  
ECX: straightness errors between C and X- axis 
EZX: straightness errors between Z and X- axis 
EXC: straightness errors between  and  
ECC: linear positioning errors for   
EZC: straightness errors between  and  
EXZ: straightness errors between  and   
EYZ: straightness errors between  and  
EZZ: linear positioning errors for   
EBO: Squareness error  
EAO: Squareness error  
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)(  rotation matrix between CSLT and CSMT
1
1
1
)( (11)
represents the part coordinates.
   In an ideal kinematic model, at P (0, 0, 0) all CSs are at the origin of the global system CS0.Therefore, all axes 
should be cut in space. This hypothesis is discarded due to the kinematic structure that describes the layout of the 
elements responsible for the movement. Therefore, it is necessary to introduce an offset between each axis 
00
, 
which will be considered depending on the software for control of the MT.
0
(12)
0
(13)
4. Approximation functions: process and methods. 
   Volumetric error reduction depends on polynomial regression functions used to characterize the geometric errors 
where variable x determines the function of dependence. 
   The characterization of errors of a linear axis is done using simple polynomials as regression functions from 
which the error function )(  is characterized by )(~ : 
...)(~ 2220    (14) 
   Where  represent the optimization parameters to identification. From which, the effect of the lineal axis 
geometrical errors on  are minimized obtaining )(~ .  
   The physical behaviour of the geometric errors of this type of axis makes it impossible to characterize them by a 
simple polynomial of order three. This is due to the periodic behaviour of these geometric errors. To realize a 
better characterization of the errors, periodic functions must be used. 
1
2)(~   (15) 
   Where Ai and Bi are the amplitude of the error, T period error, z the rotated angle in each position and i offset 
of the origin 
   To tackle the volumetric verification of a machine with linear and rotational axis XCFZ, the method of 
optimization is extended in comparison with the methods for machines with three linear axe (Aguado et al, 2012-
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2013). 
   Depending on the available space to measure, the optimization methods are divided in: 
1. Joint optimization of the errors from linear and rotational axis. 
2. Independent optimization of linear and rotational axes  
3. Combined optimization of linear and rotational axes. 
   The uses of these techniques are directly related to the range of each axis to verify. Note that the measurement 
system LT in a machine of this type, XCFZ, must be placed on the turn table, figure 5.  
   The use of joint optimization as a technique of volumetric verification requires that a plane of point XY could be 
measured in different positions of C axis. This plane is limited either by the housings for the protection of the 
machine or by the structure of the same, leaving limited the volume of the machine used in the verification, figure 
4. 
   The verification of MT employing an independent characterization of errors as a function of the type of axes 
requires two independent measurements. In the first one, a set of points forming a XZ plane is measured in a 
position of C. This measurement is used to characterize only error of the linear axes. The second measurement is 
formed by a point XZ which is measured in different positions of c. From which, the geometrical errors of the 
rotary axis are characterized. This methodology has the drawback of assume that points measured in each 
characterization are not influenced by the rest of errors. Similarly, this methodology uses a small number of points 
which are not evenly distributed through the MT work space.    
 
Range of movement in relation to the characterization method 
   To increase the number of points of the rotational axis test the third method of characterization is presented. This 
method requires of two tests. In the first test, a plane of points in C=0 is measured. It is used to realise an 
independently geometrical error characterization of lineal axis. Once these errors are characterized, a new plane 
XZ which is capable of being measured at different position of C is measured, test 2. This test is influenced by 
rotational and lineal axes errors. The effects of the errors in lineal axis in test 2 are compensated using the 
approximation functions obtained in test 2. Therefore, test 2 allows characterizing the errors of the rotational axis 
taking into account the influence of the linear axis in measured points. 
   Regardless of methodology used, the geometrical error characterization can be performed through a joint 
characterization of all error in 1 phase. As well as, the characterization of squareness, rotary and lineal errors in 
three phases (3 phases TR) or 3 phases TR characterization, squareness, lineal and rotational errors in this order 
can be realised.  
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5. Test and results 
   The adequacy and application of the different techniques and optimization models are presented in this section. 
   First at all, the influences of different optimization techniques in relation with measurement methodology were 
studied through a series of synthetic test generated by a parametric generator of synthetic data, Aguado et al (2012-
2013). 
Table 1. Lineal axis - Optimization by phases           Table 2. Rotary axis - Optimization by phases 
Optimization 
Technique 
Initial 
Error (μm) 
Final Error 
(μm) 
1-fase 737.1 6.6 
  3-fases RT 731.1 39.6 
  3-fases TR 737.1 19.9 
Table 3. All axis – Optimization by phases 
Optimization 
Technique 
Initial 
Error (μm) 
Final Error 
(μm) 
1-fase 631.8 112.3 
  3-fases RT 631.8 42.6 
  3-fases TR 631.8 56.1 
   As show in table 1, the best technique for the characterization of linear axis error is the joint optimization of all 
errors. However, the characterization of the errors of the rotary axis is better if an optimization using 3 phases RT 
technique is realised, table 2 and table 3.  
   After studying the different optimization techniques, the influence of measurement noise was studied in two 
different tests. Measurement noise was characterized by a normal distribution of value [±30μrad, ±30μrad, ±4μm 
±0.8μm/m] for spherical coordinates [azimuth, polar, radial]. Table 4 shows how the measurement noise affects the 
error reduction achieved through the independent analysis of the errors of a rotary axis. Table 5 shows how the 
measure noise affects to lineal axis errors reductions. 
Table 4. Characterization of rotary axis 
Average Initial Error (μm) 
Maximum Initial error (μm) 
230.5 
407.2 
Average Final Error (μm) 30.8 
Maximum Final Error (μm) 65.7 
Residual Error (%) 13.3 
Average Noise Error (μm) 31.3 
 
 
Table 5.Characterization of lineal 
Average Initial Error (μm) 
Maximum Initial error (μm) 
740.0 
2009.2 
Average Final Error (μm) 51.2 
Maximum Final Error (μm) 120.2 
Residual Error 1 phase (%) 6.9 
Average Noise Error (μm) 46.8 
   Characterizing the error of the rotation axis, Table 4, performs the measurement of two points formed by the 
offset of the reflectors from 0 ° to 360 ° in 5 ° intervals. Similarly, the characterization of the linear axis error was 
made by measuring a grid of points in C XZ = 0 with 0  X   Z 1400 0  600, Table 5. 
   If instead of performing a separate characterization of the different axes of movement, it is performed a joint 
optimization with which a lower error reduction is obtained (table 6). However, these results are extrapolated to all 
work space. It is due to points used in the characterization of the errors are affected by errors of lineal and rotary 
axis.  
Optimization 
Technique 
Initial 
Error (μm) 
Final Error 
(μm) 
1-fase 22.7 14.4 
  3-fases RT 22.7 1.3 
  3-fases TR 22.7 2.7 
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Table 6. Joint characterization 
Average Initial Error (μm) 
Maximum Initial Error (μm) 
632.6 
1687.9 
Average Final Error (μm) 130.2 
Maximum Final Error (μm) 281.2 
Residual Error ( %) 
Average Noise Error (μm) 
20.6 
53.8 
   The behaviour of the machine and the value of the errors before and after compensation can be observed using 
coloured maps and vector diagrams. 
.  
Fig 5. Uncompensated errors (l.) – Compensated errors. (r.). Colour maps 
 
Fig 6. Uncompensated errors (l.) – Compensated errors (r.). Vector diagrams 
   The colour map of figure 16 provides information on the error reduction at each of the point of the workspace. 
Where it is observed homogeneous error compensation. Similarly, the vector diagram of figure 17 shows how the 
physical behaviour of the MT errors after compensation is reduced, providing a mathematical, not physical 
compensation. 
6. Conclusions 
   The approximation functions obtained by intensive process of parameter identification provide a mathematical 
compensation of the combined effect of all geometrical errors. 
   The use of LT as measurement system, which works with an absolute coordinate system, requires the 
incorporation of this into the kinematic model of the machine tool. The LT will occupy the position of the part 
meanwhile the reflector will occupy the position reserved for the tool. Likewise, when you are working with 
machine with rotary axis is required the incorporation of rotation matrix of the rotary axes. 
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   The availability of space in verification limits the work space to measure and the method of measurement to use. 
If there are spacial limitations, a combined optimization of the different types of axis is the best choice. Similarly, 
the optimization technique used affects the error reduction obtained. When errors of the lineal axes are being 
characterized, the optimization technique in one phase provides a greater reduction of the initial error. Whereas an 
optimization of 3 phases RT provides a greater reduction in rotary axes. 
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